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Newton’s laws of motion is composed of three
laws.

The first law is the law of inertia.

For example, suppose that a ball is moving with the
velocity v on a flat horizontal floor.

If no force acts on this mass, the mass continues to
move with the constant velocity v.

If the ball is at rest, i.e. the velocity is zero, it
continues to stay there.

Such a characteristic is called the law of inertia.

Next is the second law of motion, which expresses
the relationship between the forces acting on a

mass and the acceleration.
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Suppose, as shown in the figure, a force F' acts
on the particle with mass m moving with the

velocity V.

Here, Newton considered the quantity called

momentum.

The momentum is defined as the product of the

mass and the velocity.
Namely, a body with mass m and with velocity

Vv has a certain physical quantity mv .

Generally, this quantity is represented by the
notation p .

Since velocity has a direction, momentum also has
a direction.

Namely, these quantities are vectors.

If a force acts on a body, its momentum changes.

The second law gives the relationship between the

change in momentum and the force.

This law means that the force F' is equal to the

time rate of change in momentumas dp/dt .
This can be interpreted as, if a force is applied, the
momentum changes. Or, the change in momentum

means a force is applied.

When mass is constant, the derivative of mv

becomes m(dv/dt) with m outside of it.

The time rate of change in velocity is called the
acceleration and is denoted by a .

In this case, we can use the expression F' = ma .

However, for example, in the case of a rocket
consuming fuel, both m and v change with

time.
In such a case, we mustuse F =dp/dt.
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The third law is about the action and the reaction.
Consider a ball on a floor, the gravitational force
mg isacting on it.

The ball does not move into the floor. This means
that a reaction force N which is equal and

opposite to the gravity works.

In this way, when bodies interact, a pair of forces
equal to each other in magnitude but opposite in

direction arise.

Among these three laws of motion, we often use
the second law.

Based on this, we derive the equations of motion.

Suppose, a particle with mass 7 is moving in

space with a velocity v.

In this situation, the position of this particle is
represented by the vector 7 in the rectangular
coordinate system X V z .

Using the unit vectors €, €,, €, inthe x, y,
z directions respectively, the position vector »

is represented by xe, + ye, + ze, .

Since the acceleration is the second derivative of

the position by time, it is represented by

d’r/dt’.

Substituting this into the above equation obtained
2 —

from the second law, we obtain m d_
t

ﬁl

This is the equation of motion. Hereafter, we
analyze various kinds of vibration system utilizing

this equation.
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Before the analysis, let’s have a look on major
vibrations.
As you experience in a daily life, there are

various kinds of vibrations.

The representative ones are free vibrations,
forced vibrations and self- excited vibrations.

As an example of a free vibration, let’s consider
a pendulum.

When an impulse is applied to a pendulum, it
swings and soon damped out.

In this graph, the abscissa represents time and
the ordinate represents the amplitude.

A free vibration has this type of shape.

Since every system has damping, the free
vibration finally ceases.

Next, I will explain forced vibrations.
Consider a parked car with its engine running.
The car body vibrates because the engine is
rotating.

This vibration occurs due to the excitation of the



12. :n%ﬁﬁ? f A TN E S

13, ftelc HEhiRE o

14, 7L 2 FRAKO OB TIcHR s D L L
FLXO.

15, Zk XHENOE THSZ K LT
X

16. —o» ﬁﬁhqﬁzﬂﬁ%mﬁykvﬂ@mﬁ

BRI TWB DI TS ) A

17. BofEhofc, Fixh sEhcns s e
W20 E9.

18. ST VHEBHZOLEDORHIFD A D =R N
CHROPIC T XL F— %Y ARTNS =
LT £9.

nES LA

19, =0k 5 72 RE A RS & o E T

12.

13.

14.

15.

16.

17.

gdoo0oo0ooooouooooo
00000 Nagoya University 2010

periodic force produced by the engine.
This vibration is called a forced vibration.
Lastly, I will explain the self-excited vibration.

For example, consider a flag in the wind.
This flag will flutter continuously.

In this case, neither external impulse nor
periodic force is acting.

The flag flutters by itself in the wind.

Namely, the motion of the flag is charging the

energy to the system.

Such a vibration is called a self-excited

vibration.
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These angles are usually represented by the unit
“radian”.

The projection of this point P on the y axis
moves on this curve.

This curve is given by the expression
y=sin(ot+a)

Similarly, the projection on the Xx axis is given
by x=cos(wt+a).

The time duration between two consecutive
points where the same shape of the wave appear
is called “period”.

In this figure, T represents the period.

The number of repetition of this shape in one
second is called the frequency.
The angle swept during one second is obtained

by multiplying 27 to the frequency.

This angle is called the angular frequency @ .
Therefore, the relationship @ = 27zf holds.

Since the period means the time necessary to
move one cycle, it is obtained by dividing the

angle 27 by the angle @

Therefore, it is expressedby T =27/m.
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w, X<Hv 1

LD sin & cos H BEK L FCoT BT 2.

e ~ra—1Y L 8.

The complex number is often used in the
vibration engineering.

Euler’s formula connects the real “sine”,
“cosine” to the complex number.

Now, I will derive Euler’s formula. In that
derivation, Maclaurin expansion which you
already studied in the mathematics on the
calculus will be used.

For example, f'(x), the function of x, is

expressed by the expansion

/! (0)

e =s O+ L2 L0 ey

which has infinite number of terms.
Maclaurin expansion of cos @ is expressed by

only even power terms like this.

In this case, all the even power terms become
Zero.

Similarly, sin @ is expressed by only odd
power terms on 6.

The exponential function e’ is expanded to
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such a power series by Maclaurin expansion.

Considering that the square of the imaginary
unitis — 1, we see that the real part is
represented by the powers of even order and the
imaginary part is represented by the odd powers.
Comparing this with the upper expressions, we
know that the real part is equal to cos@ and
the imaginary part is equal to sin 6 .

Therefore, e’ is expressed by cos@ and
sin 8. This expression is called Euler’s
formula.

Next, let’s overlap the circular motion in the

Xy -plane on the complex plane.

We had the x —coordinate as A4 cos(wt + )
and the ) —coordinate as Asin(wt+ o).

If we corresponds the x-—axis to the real axis
and the y —axis to the imaginary axis, from
Euler’s formula, we see that this motion can be
expressed by  the
z= A"

In this way, by using the complex number, the

complex  number

circular motion is expressed by the exponential

function using Napier’s constant e.

Lol
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[FHROETH
F = kx| ooz

mx = —kx

S mi+kx=0

BHhESHOEH AR
Co &0y Laks A= B . . .
T IBIRERIC, BT E 1T > Ty L. From now, we start the analysis of vibration.
TET.
NED SAMEIRITLLE ABY . . . .
Eijfﬂ I, g EEI ;f}lg@J ZOWTIE 2 A 2. First, we derive the equation of motion for the

WTHELED.

RO X5, B Eaonkie 2 x
7.

ST, BREELAREE EABE LT
WarborLET.
FROERE 21 L LT, FTOROES I,
B x PRE L LET.
F5L, xR RoE L AR LE
ER
WrENE7 v 7oALY, T mEhoT
—kx L7720 ET.

= O L B RO T F AR AL
FF L, mi=—kx LV E BRI T

SIT, FlConTHn TR E4

KX |FEEMART FLF O, 2RI %
A7 /d T FE LE LT

free vibration.

3. We consider the system where a mass is
attached to a spring as shown in figure.

4. It is assumed that the mass is sliding on a
smooth surface.

5. Let the natural length of the spring be [, , and
the displacement in the right-hand direction be
X as shown in the figure.

6. Then the restoring force in the heft-hand
direction appears.

7. From Hook’s law and considering the direction
of this force, the restoring force is expressed by
—kx .

8. Substituting this restoring force into the force
F in the equations of motion, we obtain the
expression mX = —kx.

9. Here, I will explain about X .

10. The second derivative of the deflection vector

7 by time was represented by d°7/dt’
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before.

11. Uy, [J% h%ﬁ T#T3, %0)%7%%;%% @ﬁ iz 11. However, in the vibration engineering, the

ERASS

Ui 8o

A0, H%‘:F'Eﬁf SIE Ry FZ221FC 2% L derivative by time is represented by “dot” for
E3c simplicity
12, ko7, ¥lix %H%‘F‘ﬁ’( 2 [H] [ ﬁ?r S)]/jv L7~ o 12, From this, we see that X means the second
ER derivative by time.
13. Zh %%&Lféﬁ” HE, ZOLHIT2 ”%ﬁ 0)},};23 13.  Rearranging this, we can obtain this differential
%%‘3%73;@ SET. equation of the second order.
14. —h»n UQ@EI% %}é%ﬁ ;i:ii} LS ;%“C N 14. This is the equations of motion governing a free
vibration.
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Next, let’s solve this equation of motion.

In order to solve the differential equation, we
assume the solution. Since it is expected that
the mass execute a sinusoidal motion, we
assume that the solution has the form x = Xe™’
Here, X and A are unknown parameters.
Substituting x into the equation of motion, we
obtain X(mA* +k)e* =0.

Since X and e do not become Z€ero, We
can divide this expression by these quantities
and obtain mA* +k=0.

This equation is called the characteristic
equation.

From this, we obtain A as *i W which
are imaginary numbers.

We substitute these values into the assumed

solution.

When A =+ivk/m , let the solution be x,

and for A =—ivk/m, be x,.

From the method of solving differential
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0)%[1“( g% ENFETOT, E@ i %ﬁ; equations, the general solution for x is
represented by the summation of x, and x,
x=2X, exp{z — } + X, exp{— I — } and is given as follows.
b
ThHALNET.
Lwwo LAESpY L& TE&D . . .
11. ZopgHEEREICT A S—o2mH<+2% 11. Applying Euler’s formula to this solution, we
L, cosksinlckAb }gg:iﬁ%f?‘f F9. can obtain the solution expressed in sine and
cosine.
12. =~ 0)? Bt 5“ ?f%ﬁg kim#%x ¢7é”< 12.  The angular frequency vk /m is called the
HEEH L ESETY natural angular frequency. We denote itby @, .

T
13. 75 j%* ; @j’f%f % 20F ;}gﬁi k vy~ 13. The natural angular frequency is the frequency
< 7—1‘\*@7‘“&)’(& 5%%‘ ﬁdf)(f@" which is determined by the mass m and the

spring constant k .
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Next, [ will explain about the forced vibration.
Let’s derive the equations of motion for the
forced vibration.

We add a periodic force to the spring-mass
system considered before.

It is assumed that this force F' is represented
by Fjcoswt.

Then this force gets added to the restoring force
and the equation of motion becomes

mx + kx = F, coswt .

We solve this equation. We can imagine that
the response has the same form as the periodic
excitation force.

Then

x=Xcoswt.

we  assume  the solution  as

This solution is substituted into the equation of

motion.
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9. coswtﬁ)ﬁﬁ:j IHVETOT, ﬁﬁ p'J%)k 9. Since the terms with cos@? exist in both

(k—-mo*)X=F, &\?> Egﬂ-f‘ AR % bivE hands, the equation is divided by it and obtain
7. the relationship (k—ma*)X = F,.

10. oM, Thnex, ficig X L F, /(k-mw®) 10. When ® is not w,, the amplitude is
LIREDET obtained as F, /(k—m®”).

11. - o ?}&rhm % D ”};Z% L7z ”ﬁ;q? I fﬁ:?\) 44 11. Substituting X into the originally assumed
X, %%’LT%%)EH;% Tx= —F cosmt £ 720 solution, we obtain x = —F cosSm?.

k—ma’ k—ma’

£7.

12. - zZ7T1-, /i = L/foc it sz 2 a3d 12, Here, we must pay attention to one thing.
0 ET.

13. %ﬁj }Efk“")?‘,"f ®, 55Dl W <L, 13.  The natural angular frequency @, was

Nkim .

14. ¢ L a) N ﬁg}kh%ﬁw ) g:j&o iz, 27\/; 13 14. If the frequency @ approaches to the natural
01z o 2 J}féé X bj:,%é%hﬁ“&: e LT frequency @, , the denominator approaches
LEWVET. zero and therefore the amplitude X becomes

infinite and diverges.

15. = nyj‘szfﬁé L uéggj‘;h % ]{;ﬁ%g <9, 15.  This phenomenon is called the resonance.
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SEipd, A L’C%&)k%ﬁé@%ﬁ%, - 1.  Now, let’s discuss the results by drawing a
ITRZTTICENTE R ThELL Y. graph.
?’%%ﬁ}é%ﬁ%ﬁ@%@é X W H D, 2. The amplitude X of the forced oscillation is
Fy (k=ma) THE SHET. expressed by F, /(k—ma”).
%ﬁ?ﬁﬂa ﬂ E;ﬁ 571~ jj O)ﬁ ?}E{%ﬁiﬁ , ;’ﬁﬁﬂ} i ﬁ]< 3. Let the abscissa express the frequency @ of
X OWRERR-THR T, c0ksk the periodic force and the ordinate express the
Ei{% EhnFET. absolute value of the amplitude X . Then, the
result is expressed by this curve.

AR 0230 0 L X113, e F,/kF 4.  Theamplitude becomes F;, /k when the

IR ETD, :ﬁi)iﬁjﬁ@ {L <. angular frequency @ is zero. This expresses

the value of the intercepting point on the y

axis.
Z® 5L ) T LAS

% LCaoAHE ﬁ ; w,0LE, Ik é N 5. When the angular frequency @ becomes the

I ATy

KEd( VS natural angular frequency @, , the amplitude

becomes infinite.

x5 @:%{? N%ﬁ% 753 i x Bl Tb}ériléfp /J\ 6. If the angular frequency @ increases further,
{7poTWVE, 01l ﬁi)% LE '9“ the amplitude decreases and converges to zero.
D XHIT Luﬁ/j n%ﬁ% Iz ijﬁ‘ b ?}Jgrh 0)9% Xxop 1. Such a curve which represents the magnitude
N bbb Xp<HA LT Bl xr <A . .
Biba F Lz ﬁ'*;% & }% W ,D’; Hh =, and change of the amplitude for the frequency is
%: ﬁﬂé [ ?:% s ﬂi/u TWET. called the frequency response curve or the

resonance curve.
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8. Next, let’s discuss the frequency response for
the phase.
9. The phase is zero when the angular frequency is

smaller than @,. Itis —7 whenitis larger
than @, , which means that the phase of
response is delayed by 180°

10.  Next, let’s discuss the relationship between the
response of the input force and the response of
the mass in time.

11. When @ islessthan ®,, the dotted curve for
the excitation force and the smooth curve for
response of the mass move in the same
direction in time.

12.  This relationship is called the same phase.

13. When @ is larger than ®,, the dotted curve
and the smooth curve differ by a half-period.

14.  This relationship is called the opposite phase.

15. One of the main objectives of the vibration
analysis is to design the machine not to have

resonance in the operation range.
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