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Today, we study vector analysis.

First, I will explain about a vector and a scalar

Vector is a quantity which has both magnitude

and direction.

Velocities of flowing water, wind and a force are

examples.

Vectors are graphically expressed by arrows as
shown in this figure.
The length of the arrow represents magnitude.

The arrow head points its direction.

There are several notations which represent a
vector.

The head of an arrow is called the end point and
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In vector calculus, we often use a unit vector.

A vector whose magnitude is 1 is called a unit
vector for any direction. These unit vectors in

thex, y and z directions are denoted by i, j

and k.

Using these unit vectors and components, vector
Aisrepresentedby A=A i+ A4, j+ Ak.

Next, I will explain the sum and difference of
vectors.

First, let’s consider the sum of vectors.

There are two ways to make the summation of
vectors A and B.

The first method is as follows. For example, put
the start point of vector B on the end point of

vector A.
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Then make a vector from the start point of
vector A to the end point of vector B. This
vector C is the sum of 4 and B.

The second method is as follows. Let coincide
the start points of 4 and B. Making a
parallelogram, we can obtain the summation.
The diagonal of this parallelogram gives vector
C which is the sum of vectorA and B.

The sum of vectors is obtained using their
components.

The components of the summed vector are
by

components of each vectors.

obtained summing corresponding
Next, I will explain the difference 4-B between
A and B.

First, we make vector -B which has the same
magnitude but the opposite direction. Then the
C is the difference vector obtained by summing
-B and A.

If we use components, the components of the

difference vector are obtained by making

differences of each component.
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Next, I will explain about the products of
vectors.

There are two kinds of products of vectors.

One is a scalar product and the other is a vector
product.
First, let’s study the scalar product.

Suppose that there are vector A and B with an
angle @ as shown in the figure. The scalar
product is expressed like this using dot or

brackets.

Its value is defined as the product of the

absolute values of 4 and B and cosine @.

In this expression, the magnitudes 4 and B and
cosine @ are all scalars and, therefore, the
result is a scalar.

Therefore, this is called a scalar product.
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Scalar product is also called inner product or
dot product.

Scalar product 4 * B can be expressed by
components.

In this case, it is the summation of the products
of each component.

Next, I will explain about vector product.

In a scalar product, the product of vectors
produces a scalar.  Correspondingly, in a
vector product, the product of vectors produces

a vector.

It is also called outer product or cross product.

Suppose that vector A and vector B exist as
shown in the figure. The vector product C of
vector A and vector B is expressed by the
notation x which is used for the ordinary
multiplication of numbers or by such square
brackets.

The magnitude of the vector product is defined
as the products of the absolute values of vector
A and vector B times sine 6 where @is the
angle between 4 and B.

The magnitude of this vector product
corresponds to the area of the parallelogram
made by 4 and B.

The direction of vector C is given by the
direction which is perpendicular to the plane
including 4 and B and to which a right-hand
screw moves forward when it is turned from A
to B.

A vector product C=AXB can also be
represented by their components.

A vector product C is represented as this using
the components and the unit vectors.

It seems complicated, however it is easy to

remember if we note it’s regularity.
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Next, we will study the concept of field.
Field is a physical quantity which is associated

with a point in space (or a point and time).

It is called a scalar field if the quantity is a

scalar and a vector field if it is a vector.

Let’s discuss more concretely.

For example, the warm air from an air
conditioner is heating a room.

As shown in the left figure, a temperature
distribution such that the temperature near the
air conditioner is high and that near the floor is
low can be observed.

The temperature is a scalar quantity and such a

temperature distribution is a scalar field.

This distribution is also called a temperature

field.
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On the contrary, in the right figure, the wind

flow shown by arrows is a vector field.

10.  This is because the wind flow has a magnitude
and a direction.
11.  Such a field representing flows of wind or water
is called a flow field.
o, TR e Bk E@obies, moxy

{ ’JJ IE concretely &> 9 Bkl 2720 £97, :0)?}%5

VISFA

12 L

2720 9,

T XD LTWARNA,
E% b>%é25 TOWNT

+ D

TR (suffix) |

NV, BRERABRD 2L
e (abstractly) &9 Al

= &4'_!'1‘ U )[1;‘; :E:\ZA Tr
Z72 o T, Hos HEDOPECE R
I ENTE . .
- ERH international
fib:b\.t 9T & A
- A 1) typical
S o
— T.2A1k  industrialization
L <o . o
— Ak visualization
,153 LN .
— practically usefulness
R BAEN
— Ep national character
URE) i\é e A A
- HE international student
plAY/ IR
- K7 university student
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JhEed iy HaZw oy
7% research + 4 —  WF5E research student
R L DA Ls
B science + &  person = BF scientist
BaS : L BrEsn ey
E4 music + % person — HHFE  musician
) Y FhZH0A
#8917  bank + H  member — $UTH  banker
M@L‘ ) A D %@b\f/ mny . .
ES information + f&  officer — ZEWtHk  information desk
L x THo
OZpT-otY
FhED D Lo JAZp5LD
%% research + room - WF5E laboratory
s Lo nh L xrhh
£ book + f#§  building — HAE  library
x o 3 T XS5 X Th
2% drinking tea + JE  shop — B cafeteria
e
O% nf
RS Lss ) ] AL
== student + i certification — “F/ER student ID
TLEL x AL &
1  washing + #  machine — iR washing machine
ZE A L% (ZIi/uLif
H Japan + = style — HARFA  Japanese style
508 L ToORCL
%% mathematic + S history - HF mathematical history
é‘tﬁé_‘é A (E3] 3&‘)%?5 .
5  education + 7%  method - HHI educational method
é‘tﬁé_‘é (E3] 3&‘)%?5 .
B + ¥ law - =R educational law

x5 =7 oy

i E AT
Z ulX. air conditioner & H AFEDFEAHTIT

& M

- %g%(o 7 lﬁ%%%ﬁ (shorten word) T,
HAZEO D 2 HFEEICiE. 2Ok D RIRENRT-L S b0 £,

(1)

NV a3y
VEa
A=
T=A
DAL

D S

personal computer
remote controller
television
animation

jeans + pants

sharp + pencil

N o bicE LU N
L7 =7 —aryF4avatr—" 0o5bH, 8 oO2ET

PNR—=VF) s AU a— A —
JE—harbr—F—

TLEY g
T =A—Tarv
D= X+ R (jeans)

¥ —7 + 23 (mechanical pencil)

0% T OxHFA

%AD2H50H FHD 3. KA WEEALEL KT, 0k oA KicanE R e

2 E A Z o T < 7z PNz ¢ hE Wz N '
AAECHTICED ML S0 - L 2 millkE (Japanese English; Japanese coinage from English) & &

I/\ijﬁo
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U@ol (3] UKDDL@’J

r
NIRMILIBETOR A LR B
RNYIMVIETORAERE
e BA | 2T

R BB BHHE =y -dl [ #hs: v(x,) |
=Nﬂc0s9-dly
=v-ndl

n GEBRARIRL
|n| =1 ¥

Next, I will explain the concepts of inflow and

Riz~s bz s L aiic k< ET L

VP IIZw D V);:ﬂ,»’) nA

B, WA & OBESIC W T T outflow.
% EoRER TS 2. See the left figure.
ZDOEIIZ, A=A @%ﬁ)%;}zyﬁi‘jﬁg ,j“j L<c 3. When water comes out from the hose pipe, we

WhHE, FINHIDED c:%’iﬁm@%}ﬁ«\w can consider velocity vectors of flow there.
kwﬁ%ﬁ%nfwéé%QQMiﬁ
it,ELwlwio %mﬁmiﬁﬁ% 4.

:,m@emww AEND LD bac
1, DI MAREE LTS
HIRTENTEET.

DXz, “\7 r VT, % {}IL HZ'IQD 5.

DIy d

When water flows into a drain as shown in the
right figure, we can consider a concentration of

velocity vectors.

In this way, vector fields have close relation to

{JIL)\}:U‘O% ﬁ‘o%iko’@?i@*
_i’b%@){ﬁu LH?’?D{)IL J\JE I3, ?&Ué)lﬁ
POESICEB LD VO TLE 52
SAMD, FOZEIEoONT E 2 ThEL
r9.

HTORO LS 7% 2 Keomnd v (x, )
Rinn e LET.

R Py EEAE R 7 0 OBE T
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the concept of outflow and inflow.
How can we represent these quantities of inflow
and outflow numerically ?

Let’s consider this problem.

We consider the two dimensional flow field v

(x, y) shown in the figure right below.

Vector v represents the distance moved in a

unit time.
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L LET

F5L, ZOFAIIEO L, <7 by
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TEFemTEET.

~
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\

SOy kv OfGRHERT 33120, 5%

D, Ry MLy LAY R L n O
ZHNET

>

Lo, KfHdl & a5 e 0 By Ry

N ondl £720 £

D ILdpDY X9

Fore

SR, B R CRT AR L 20 9
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I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
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A fixed curve with length/ is considered.

Consider a small length d/ on this curve.
We calculate the volume which flows across
this length from the left to the right in a unit
time.

However, since this figure is two dimensional,
it is represented by area.

In this small space, the direction of the flow
vector v is not necessarily perpendicular to the
direction dl .

Therefore, the area which passes this length is a
area of this parallelogram shown by blue color.
Now, we introduce a unit vector perpendicular
to this curve in this small length.

Such a vector is called a normal vector or a unit
normal vector.

Now, the fluid flows from the left to the right,
therefore, we take this vector rightward.

Then, the area of this parallelogram is
expressed by the product of dl and the
component of v in the direction of normal
vector.
This v, is given by the product of the absolute
value of v and cosine @. Namely, it is given
by the inner product of vector v and normal
vector n.

Therefore, the quantity of fluid which passes
through the length is v mdl.

This is the formula for the quantity of fluid
flowed out.

The difference between the inflow and outflow
is not essential.

When the direction of the normal vector is
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% C%é‘ {/nj’b'fb\f) X, oFED, v & specified, the outflow is the case that the fluid
D ijlﬁ S E( Hix, (,T,j Lﬁjofc »HY, %{Qf Iz flows in the same direction as the normal vector
E%ﬁ«\ 7 KL dD r'j Sl %? Y;M"L TW5 & (namely the inner product of v and » is positive)
X SFD,y k n o)%%ﬁﬁxﬁ(@n I, ){,T,j‘j’\j and the inflow is the case that the fluid flows is
BN i’,% ) (,,L Hjo L Jﬁg ZF9. in the opposite direction to the normal vector

(namely, the inner product of v and n is

negative).

H AR

14 Tk
HF wa BZFNAH &Y . b bV Jbin 7
7K 1% water T, ] [X color T3, K€ 1F KD LS DHY \Hr e (light blue) &\ 9 EBED
Tz
%ﬂ%“(“?

Hob » A L
(#51) 1 75_’ x T

b <5
IR red S black
b Ls .

B blue white
x5 Fons
#E yellow JX gray
HEY ’;;_'&:L‘Z;

ok green ARt brown
hIE TENE

ES purple o orange

w23 ME) TR T

R R e (plus) LS BkowE T, filic b, ELn (correct, (moralistically) clean,
good, honorable) &9 3 RS NN EJc AN

£ 1% T DR OEROUTFT, ~A4F 2 (minus) &5 ERTT, filcsh, A5 (to lose)
LD BBTTRER L BV E T

TS ) e KxP (oposite) &9 BEEOBE T, TIE) o5 T4 <,
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6. ﬁﬁﬂz

IR
S (X,y) o0 murE A OER
X [22WT O RS HH REREL)

R
fthDEHZEEEL, | DDEHKIZITTHAITHE

V2DV T DR M R 3 (R EE %)

@ Sx+dx,y)- f(x,9) @ SCoy+dy) - f(x,9)
=lim =lim
dx—>0 dx d)ﬁo dy
WS ETCOEHERESEHS
df:f(x+dxay+dy)_f(x>y)
= frdsyrdy) = f Gy rdy) o L
0 X
ey d) Sy
0 0
df = ia’x + g dy
ox oy
?E 0)% jﬁﬁﬂ {fﬂﬁfﬁ*é 7= ijﬁ(ff( 1. Next, we study the partial differentiation which
72, fé1;;5{§§ Iz oW LT is prerequisite to understand the following
concepts.
ot RS DA 2. We consider a function f(x,y) with two
2 {8 o> 3T 25 4k %%Ofﬁiﬁf(xy)%%x , _
independent variables.
ES AN
2T f(x, ) i%i]?*%f“&)of%i 3. Here, f(x,y) can be a scalar field or a
WTFL, R ]\/I/i,,%o) 1 552 “C&?)o <H component of a vector field.
W
PN - < L, 4. When x  becomes x+dx  holding
2 HE L7z ) bE:
T yERELEEET X & deRTRLT y constant, the ratio between the increment of
W) + d s - s
Xxtdx b L b= O £ oB(LE Y dy 7 oand dr is 2O xj) AC)N
x
+d
DI g St dny) = /(%)) L7 ET
dx
LT, de—o0& Li-iko. —offpEo S The limit value of this ratio as dx =0 is
t o TEE?[_ W TSN T O {ﬁ ’(ﬁ‘f §§\ ‘ﬁ& %& %7 called a partial differential coefficient on x or
JI 24 —
i % %;ﬂ % 4& L ﬂ%: ® Tors &’Mb Ld a partial derivative and is denoted like this.
; £ , Z z
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B, dee dy B SIS LT,
NHEORCHIEE L BR<TYH, ZNHO
T ORI L 1B AP b ) b Y £
Iy

ROT, BHEOMIITIE
HWLTE ET
"

Wiz, x &yl b %, TR de b dy
EEL S w8A

Clim VSR

S E2ELLS
tolx, fOERA R oLk
e

L DX ~ AT A

ZLT, ZORE, ROXHITEHRLET.

“hi, BB ORERNT, Mz T3
@T,%ZE&Q%i%Diﬁh
SorxE, 1B x ORMBS G d %

B boTh Y, 24THIE y OO R
i dy BB O L s TVET

EEL, oA, yofthbyic,
yv+dy L7725 TVWHDT, S 35 y+dylZ
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BIF5 x OB E G2 5 5 0cF.
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This symbol is read “dee” similar to the
ordinary symbol for the differentiation or

“round dee”.

The operation to derive a partial differential
coefficient with respect to x is called the
partial differentiation by x.

A partial differentiation with respect to y is

expressed in the same way as x like this.

In this way, the partial differentiation means the
differentiation with respect to one of the
variables with the others held constant.

If dx and dy are small enough, these
values are almost the same as the differential

coefficients without taking the limit value.

Therefore, we eliminate the symbol lim in the

following derivation.

Next, let’s consider the case that both x and

y changeby dx and dy, respectively.

In this case, the increment df of f

written like this.

Then, we transform the expression like this
expression.
The value of this expression is the same since

the terms in the squares cancel each other.

The first line of this expression is the same as
the multiplication of dx and the partial
differential coefficient with respect to X, and
the second one is the same as the multiplication
of dy and the partial differential coefficient
with respectto .

However, the first line is the partial differential

y+dy
because y is replaced by y+dy in the

coefficient with respect to x at
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function.
18. Ui, dy Li%;“/i U;% DT, ZHUE Y 18. But, since dy is small, this value is
ZBIT A x @ﬁﬁ?‘%ﬁ@?} ,f_f% 5{ v [—J LTh %L % substantially the same as the partial differential
N . coefficient with respectto x at .
A °
19. A0 k3 d d _Lx 19, d
LT, Bk df = ldx+ ldy Y Therefore, we obtain df = A ——dx+— f
0x ay 0x ay

% aE'ﬁ HLIZENTEET.
20, - Eiﬂ %, é(@ﬂﬁﬁigﬁéffg é@f:é’% L 20.  The quantity in the left-hand side is called the
v on CRTRL & i i i i i
W IR, AUS L RO E total differential because the differential is

obtained by changing all variables.

HAREEfE R
X6 [T4—H20NET 7 KT 4 —]
(74— 1 “dec” & HAREOBAINC LIZb D, 1592 FF 4= 11 “round dee” % H AFEDHEH

poale Lt%@ff [ | BT AT 7y hdDERG L TE. “F o7 1Fotx o A AEIZ 37
VEEH TR, @“&”H%”%H%%@%%%K?é%ﬂ%wiﬁ}“?”ka@g%%%@if
(T@W@*mh
() disk a4
discount T4 AT T b
comedian IRXF 4T
handicap NCT AR YT AT Ry oy T

coordinator I —F 4 R—H —

w18 TN

MJ%U HETHAE - B (minuteness) kb\ﬁé}?&’@ﬁ”o N N & (small) &5 EikT
R f%ﬁﬁij Xz @20@{%?%#&&/\;}/)@7‘_% 5T, R0 “}:“C%)j]b\‘éb\ (microscopic, minute) &
b‘5%‘% iﬁ@iﬁ“ ETENR Tt TNV (few) LS B 7 L L s ot

=BT VS EELHY T, SR CETHAR (minute) &5 THUR IRIER BRI
&Di#

" DREOEROEFIC B 850 T, AT THRAE (huge) L5 EIkTT, [
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DR D %@é—é% IR TLREL (b &I EWRTT, CASEMAGDEE EA L)
%b%%:?ﬁ‘b‘b D, " ?69(% V7 (Very big; huge) LS ERICA D 9, £ A @%%@%ﬁ%@{%’fé
[ I8 (much) LOVHBRD B LV BT RS ETAS BE L0 SREH Y EEA,
ED k51, B BkolFsiiadbs 5T, 1 >OMEIC 2% = & BHIC b5 £,
(1) % change + %ﬁ move = %%ﬁ increment

ﬁg convenient  + %UI useful = @%}J convenient

nﬂ write + R input = %ﬂ?\) write down

}ﬁv anti + % counter = ‘}%\% opposite, disagree

E early + inf fast = %% soon
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ZS5 WL

7. BEC

A)EE gradient
[ZAS— — RHRL] ~DE Bl (SR BEAER
E = 2 ] "5 (ZXk) EH-R
df = fe=fa=f(x+dx,y+dy)=f(x,y)
S s M5
= Y - fxy)
of 0
= al)l).(dx, dy)
X V) mmaorn
BE(TIT4TUH)
8 8 7 dx
l,l =grad f =Vf /
ox Oy x x
0 J
+73:V =
ox oy y
BT, fﬁﬁ;ﬁ( 75_» ﬁﬁ 1AY B 0)%{75“@ ~ L In the following, we study gradient, divergence
7 bv ﬁﬁﬁé iz jbl/‘“C/, = /ﬁﬁﬁj‘é /jﬁa and rotation which are often used in the vector
T, BIRICSOVTHEATOE £ analysis.
ESC R /ﬂéé \ZHOWNWT T, 2. First, I will explain about gradient.
777%5 E %DD“C X775 4z FEevy, R 3. Kobai (in Japanese) is called gradient in
Vb —i,;'?yj: gi,g@% jﬂ'pﬂf\o)gy [ﬁﬁ %gﬂmﬁ English. It is a vector field obtained by partially
b {éf,@fﬁg@\ AN /y%“cjﬁ differentiating the scalar field and represents the
rate of change in each direction.
E{Lmré% 72 ﬁ“(é 5 &, L,%i = @Zj\/}ﬁ MWHFn 4. In practical example, it is used to obtain slope
{Ttb%ujr%%%’f L0, Jj]fy) tigij gj’?ﬁ@%g@% from the distribution of the height or to obtain
x X %%L‘%@F Hip & T the magnitude and direction of wind from a
pressure distribution.
O, FORROE R R THREL LS. 5. Let’s derive its definition.
0) ) L:ﬁ/}{f&i?ﬁﬁ“{ %i"i; hi-AHTF— 6. We consider a two dimensional scalar field
i g f(x,y) shown in this figure.
Y f(x,y) %5 2 ET.
0)%<%0)7£‘]ﬁé%j{ HETF. 7. We will obtain the slope of this curved surface.
~ A sauD s 8. To do this, we obtain the difference in height

TR
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between two closed points A and C in the
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SOEA, C TOESDEREZLTHEL &

D).

SHEO 2E D E A=(x, y), C=
(x+dx,y+dy) L L, £Z T@E’ggtf ol
%Y, ik OB s %, TRENS, fok
#é.:@2ﬁ%@%é@%@w

df = fe=fi=/(xtdey+dy)=f(x,y) &
FEET

LT ohi, %i&,b ﬁu‘ SWOS DT

ICfe 5T D T LT e b
DEHIZTEFET.

S ORICH L CHIOR S % LChE

codps | LY ey
ox’ dy

(dx, dy) D AH F—FRO T & 72> TWETS

Lox

SO, <7 1L (dx, dy)IE AEDE CHIC
LR %ﬂ@%%%%%&af»fﬁ.

FRICHLT, o~z wu(gf QJ i

ERSEY 9 1£525 miLe TS h

i i o> 718, yITIRI O & H RS b o
7 LT

DXy I\/I/%EJ%E&I/W\, gradient
DU ThD grnd® V(F77) LI mas

Hob

FnwT, —oksicE LET
CTOFTITENIDIE, TOLIICERSH
TWET.

Zhu, &7%»@%%%%0&%%@
i\{,ﬁi %T%b‘b@iﬁ

S OF T I OWEERY WSRO &
ﬁ4yrf%@@,’@&@%%%ﬁﬁ
HTEET0T, Lomb gz TS0,
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xy -plane.

Let these coordinates be A= (x,y) and
C=(x+dx,y+dy), and the values of the
function [, namely the height of the curved
surface, be  f, and  f. . Then the
difference in height between two points df is
expressed by

df = fe—fa=f(x+dx,y+dy)=f(x,y).
Remembering the expression of the total

differential, this is rewritten as ....
Let’s interpret this in a different way.

This expression has a form of the scalar product

of vector g,g and vector (dx, dy).
ox Oy

Vector (dx, dy) is a vector directing from

point A to point C and represents a small

displacement.
of o

While, this vector l,l has slopes of the
ox Oy

curved surface in the x and y directions as its
components.

This vector is called the gradient and expressed
by using notion V (nabla) or grad which is an
abbreviation of gradient.

This notation nabla is defined as this
expression.

This notation has a characteristic of a vector
and also is a kind of differential operator.

The characteristic of nabla is very important in
vector analysis and will be used in the
rotation.

explanations on divergence and

Please remember it.



gdoo0oo0ooooouooooo
00000 Nagoya University 2010

F—D—F

R 7T

H zﬁngﬁ‘F-"

15 TzokHiy
17 ok oizy

[ZOE578) TZDESI0) 1 like this &5 EUECF, 2 3% 120 LRz il L A 2% L7z
D SECHBEI N E LA RN IT S TR A R L2 Do 72 0 5 5 BT

[Z @] (this) 6iiﬁm<< D %@%%ﬁ”%%%ﬁ%ﬁ (demonstrative pronoun) T, %@E’;K Eﬁé@é&< D
%@%%f%ﬁ%%wiﬁﬁ\?C%@%%T@T%t%%%%?%%%@ifo%ﬁ(mm)Kﬁ<
LEE 20~ b5 EHARC T, B cERT 2 HAE SR aeET. 272, 5T b
@w@ﬁ%éﬁm“:m%"%%wiﬁo

SR R 72 & o HiR (point of place / time) PRt L EE (Do) AEVET, ?ﬁgﬁ 1% here &9
BT, OB AR 2 S LTV E T,

@k%%k“:%g"ﬁ@wifo:m B b A %%E@m>%r¢ﬁ o E T,

Fer A s, e, a\;mk<@%@%rf HOT . BB LFELTOBADZIED HDRM L
%ﬁ®%%%&:tﬁ(%f:%@%mﬁ D", %Eﬁﬂ%ﬂ (question word) D XD~ 75_’);\20“@‘7‘: 4%%753\6% D%

‘j—‘o
) h hb zZ ZHb
HD b Hb hZZ bbb
Zz0 Zzh zho zZ zhbb
En En el Ebb

18 IARAV M
e i% @‘9@%0) point % H Ziéﬁ @ﬁﬁ% LD TTMR iﬁjéﬁ fci,%t" (important point) & >
5 ket bn s
@) HROBEEDFRA L ME [F7 5 0lE) <
The most important point of this lecture is “the characteristic of nabla”.
ST IONS F: PN FEPOVANEE U G

The essential technique of cooking is to select good materials.
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b L

18 Zni%)

EANE: 9<mmwmm>gm5%%&\&a<m¢>gmazo@ TR 9, -2 TR
W EIR T, KR OBEROMTIZC B 2% 0. LA (above, before) & IEH (front) &5 bk
b0 ET
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[EocA

8.

FEHL divergence
[RIRIL - AD5—] ~DER | #l: FE-bEHLE
AN V()
y V,(x,y+dy)
V. (x+dx, y)dy—V.(x, y)dy} L Y N T c
Yy rdnde-p opade—AA| | e e
ov. 151200 [N T AL T I
‘ZZX drdy+—2 dydx—(%zf + J’j dxdy N
ay ay © X ;+dx X
BfEmEsiY
. . . OHTHLE
RE(TA/N—DIUR) 5 8
ov. oV, . V= s T~
—X4+—2 |=div =VV ox Oy
o oy
oX o . .
KIZFR Bz > T T 1. Next, we will study divergence.
%%ﬂj, ﬁu;“aiﬁr ANR—V AL 1,\1/ o2 “Hassan” (in Japanese) is called divergence in
/AN /y%@]@if\ BITAbx Hj [/ 75_» English. It is a scalar field describing the
—amﬁ*é A H §~i,5',—“6ﬁi quantity of outflow from a source in a vector
field.
E\{i 67‘;{5J“C =9 L, 5'5 FED V{,,; LH";‘,O U{,T,Jﬂj\j 3. As I showed in the former slide, water flowing
123 - 71 Xz, m—aRM)M E;,7k7jx,_|uj‘(l/\ out of a hose pipe is an example,

5%@753 % ZHIET.
= O)E% e @?ﬁ@%ﬁﬁ%yﬁ: 5, "—ANnHD 4 Divergence makes it possible to calculate the
;Jéa) bx ,juj L )% z&%jrféﬁ AD 753%%{ <. quantity of flowing water from the velocity

vector field.

N 7 v xo

%;n“ﬂjéé BichxH L & %L%’f LTHE S Now, let’s derive the quantity.

Lx?.

6. Consider a flow field V (x, y) in the
xy—plane.

- vk N v ) Assume a rectangle with edges dx and dy
ZoPCh D, 1lMNdx, dy DR IF%E . .
in this field. Let’s calculate the flow quantity
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UDCAB 705 3 Hi, AT 5 b, =
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which flow out from this rectangle.

The quantity which flow out through edge BC
is obtained from the product of V, , the x
component of V at x+dx, and dy, the
length of BC.

expressed by V. (x+dx, y)dy.

Namely, this quantity is

Similarly, the quantity which flows in through
edge AD is given by V _(x, y)dy .

The quantities which flows out through DC and
flows in

through AB are given by

V,(x, y+dy)dx and V (x, y)dx

respectively.

Considering all these quantities, we can obtain
the quantity which flow out from the rectangle
by adding {V)C (x+dx,y)dy -V (x, y)dy} in

the x direction and
{Vy (x,y+dy)dx—V (x, y)dx} in y the

direction.

Applying the above mentioned definition on the
partial differential, we obtain this expression.

Since dxdy corresponds to the area of the

rectangle ABCD, this %Jr% means the
ox Oy

quantity flowed out from a unit area.

This is the definition of divergence and is
written like this by using div.

Remembering nabla explained in the gradient
and the expression of a scalar product by their
components, we see that divl can be expressed
as V-V.
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MNTA

9. [Al&¥g

[Bl#5 rotation

ROV > RHML] ~ADEE

Bl RE-EEOHAERES

ke IR HHEE
EER9 BiRni5 Y i i V.(x,y+a) )
- &z
E V,DxAED BB V,(x—a,y) B%
) Eis s Vix+ay)
v,
D V. DyAEOEE
oy Vixy-a)
- —_— o X
[EER(A—T—3Y)
v, o, z v, A, rotMx,y)
( ke =rotV =VxV >
ox : h
Kt V.
ZER[EY 7 N
/k :UEI ;,éé IZHOWNWT T, 1. Next, I will explain rotation.

% Lz -,%g“ SiIr—T— 3 g e, 2. “Kaiten”(in Japanese) is called rotation in
VA Ny ( z o)g\mﬂ Y iR IEI;% English. In a vector field, it is a differential
LEH 945 E : 1% 3‘% jﬁ%}j{ N VAR /yi,g—“c field which represents the tendency to rotate
ﬁ”. around that point.

%E’j f;{ﬁj“( 52k, B—7T—v3 /75_»{% 5 3. For example, using the velocity distribution in a
L, bbb y),h ﬂ% ZBWT, F0 ;,TL?% %\hfﬁ X flow field, the rotation calculates the magnitude
n, #* o)%ﬁxiﬁ]%fg Ly L35 %ﬁ:{[ L# o and direction of fluid rotation at that point.

B ARV N
K& SEART D LnTEET
FNn T, %Eéﬁ:ﬁ]% (m—F—32) O 4 Now, let’s derive the definition of rotation.

TN & b L
EFRERDODTHEL L.

Wwa

Sk X, KESHIN R EABCD 1251 B
%%waékfae Z DD

1525805

&
AN
DG e
= ¥

RE

EJZ V@xjiﬁf\@’jﬁﬂé: X J7 0] ik

t

=)
o
Vi
ERa

3

Dy FH~OEEL LR, ZOEED

5. We consider a bobber in a rotating flow field V'
as shown in the upper right figure.

6. In this case, blue arrows represent velocities at
points A, B. C, and D, respectively. Then, we

can see that the gradient of the ) -component

Vy in the x -direction and the gradient of
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the x -component V_ in the y -direction

make the bobber rotate around its center axis.

By using partial differential, the gradient of the

y -component V in the x -direction is

—2  and that of the

expressed by
dx

X -component V. in the

X

y -direction is

expressed by a—x .

Y

If we determine the counter clockwise direction

as the positive direction, the magnitude of the

N av, v,

rotation is given by -—— .
ox  dy

The vector with this quantity and which has its
direction perpendicular to this plane is the
rotation.
In the coordinate system O — x)z, the direction
of the rotation is the z-direction perpendicular

to the xy-plane

The rotation is expressed as rot} using the
symbol rot.

This expression is the same as the vector
product of nabla and vector V', therefore is

givenby VxV.
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Finally, I will explain the Gauss’ theorem as an
example of this application.

I will explain Gauss’ theorem briefly
beforehand.  This law relates the surface
integral, that is the integral on a certain surface,
to the volume integral, that is the integral inside
the surface.

It is also called the divergence theorem

Let’s discuss the mathematical expression of the
Gauss’ theorem.

The Gauss’ theorem on divergence in a vector
field is expressed by this expression.

I will explain the left-hand side and the
right-hand side of this expression.

In the left-hand side, the function in the
integral is the inner product of nabla and vector
field A, namely the divergence in the vector
field.

The range under integral is a volume in a closed

surface. It is integrated in the whole domain.
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The right-hand side represents the surface
integral of the closed surface. The function in
the integral is the inner product of the outward
normal vector n and vector field 4.

Gauss’ theorem says that the quantities in both
hands are equal.

Let’s interpret Gauss’ theorem using a vector

field.

This time, we adopt a water flow field.

Suppose that the vector field 4 represents a
water flow. Since divergence of vector means
source or sink, the left-hand side of Gauss’
theorem represents “the sum of all sources

minus the sum of all sinks”.

On the contrary, n * A in the right hand side

13

means “ the component of 4 in the normal
direction on the surface S of the domain V.
Namely, the right-hand side of Gauss’ theorem
is “the net out flow passing through total
surface S of the domain”.

If there is no source or sink in the domain V as
in an uniform flow field, the quantity in this
domain does not increase or decrease, and the
quantity of water flowing in is the same as that
flowing out.

If divA is positive, that is there is sources in the
domain V, more water flows out than that flows
in, and the water discharged by the sources in
this domain is equal to the outflow minus
inflow.

On the contrary, if divA4 is negative, that means
there are sinks in the domain V, more water

flows out than that flows in, and the water
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v \ff = :‘ﬂ=,: L2 9. flown into the sinks is equal to the inflow minus
outflow.

19. L=, ﬁﬁx@%{ﬁ@%ﬁt\%: LX< 19.  Therefore, the we can explain Gauss’ theorem

%’L% = =9 & T (V)/ﬁjﬁj HE%“( 0)}7}1{; D %f)&) = in simple words as follows : (Increase of water
(}],é)fjf%% % ToD {uu ]\ L7 7Jk L (;,L Lﬁjo L7 in a domain) = ( Inflow water minus outflow
Ko B @%‘E)J LEH T LNTEET water through the surface)

2. CRBH T ADEIRCT 20.  This is Gauss’ theorem.

21 ljjz“cx\ 7k /I/ﬁﬁﬁ 0)}@%% %ﬁ%jﬁ D £ 21.  That ends the study on vector analysis,
22 B B ? Iz, X7k /Vﬁﬁﬁ c;’rﬂ‘ D /EP]O) i@qﬁ 22 Finally, I want to say that vector analysis is

%ﬁ%‘g L % 1’“‘[ Ko Tkh, &C %) %7§ closely related to physical phenomena in nature
TT. AU A O)A‘Efiﬁ b ZCZ?L75>E'< < \7j>o and is very important. I think that you can
ol ,E.E'\I/ VE ﬁ“ understand this from Gauss’ theorem.

23, TI b, bb Al D *}“ Lonh & % L%: 22.  So, please don’t forget to brush up the contents.
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